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NOMENCLATURE

system matrix

minor system matrix

radius of sphere in assemblage

matrix appearing in equation (32), consisting of

values or boundaries

distance between spheres in assemblage

non-homogeneous term in minor system equation

N number of modules in cylindrical cell

NIT number of iterated points in finite-difference
formulation

Nu  Nusselt number

Pr  Prandtl number

Re  Reynolds number, 2U a/v

T dimensionless temperature

T'  temperature

T,, inlet temperature

R nom

T,  surface temperature

T(x) cross-sectional average temperature

T temperature vector, defined in equation (20)
T reduced temperature vector

u velocity component in the x-direction

U, uniform inlet velocity

X axial cylindrical polar coordinate

y radial cylindrical polar coordinate

Y,x Mmaximum value of Y in periodic formulation
Y.. minimum value of Y in periodic formulation.

Greek symbols

temperature decay factor, defined in equation (10)
£ error criterion

0 scaled temperature

A eigenfunction defined in equation (7)

14 dummy variable used for integration

W streamfunction.
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THE PROBLEM of fully-developed flow and heat transfer in ducts
having streamwise periodic variations of cross-sectional area
has been given recent attention [1-6]. The problem has
practical importance in systems such as offset-plane heat
exchangers, staggered transverse plate heat exchangers and
circular tubes with annular rings inserted for heat transfer
augmentation. Tal et al. [ 7] considered the flow field and heat
transfer in an array of spheres (as part of a model for
interactions between vaporizing fuel droplets) and indicated
the periodic nature of the flow field as well as of the scaled
temperature function. In the present work, solution
procedures are presented for constant wall temperature. For
the sake of clarity the solution procedure is presented for a
specific geometry but it can be applied to other problems with
similar physical conditions. An array of equidistant, equisize
spheres is represented by a multisphere cylindrical cell model.
In this model, several spheres in tandem are enclosed in a
cylindrical duct (Fig. 1). The flow field in this duct has been
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found to be periodic and has been solved for a module of the
cell using a procedure similar to that suggested by Patankar et
al. [5], however, using streamfunction—vorticity and not
primitive variables. The flow field is, therefore, assumed to be
known and for the case of incompressible fluid with constant
viscosity it will not be coupled to the temperature solution.
The main purpose for seeking periodic solutions for the
temperature field is to reduce the considerable computer time
and storage required for the solution of the multisphere
problem. Entrance conditions are not analyzed and whenever
we subsequently refer to the first sphere, the reference is to the
first in a series of modules in the fully-developed regime.
The energy equation for cylindrical polar coordinates is

Re Pr{ oy 0T oy oT 52T+02T+15T o
2y | éy ox  ox oy xr o vy |
(1)

where T is a dimensionless temperature defined as
T'(x, p)— T
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The boundary conditions on the cylindrical cell envelope
and on the axis of symmetry are

T

=0 at y= .., (3
dy

oT
— =0 at y=0. (4)
Jdy

As the Navier—Stokes equations under the assumption of
constant property values are decoupled from the energy
equation, the streamfunction, , can be calculated numerically
independently of the energy equation.

We consider the case when the surface temperature of each
of the spheres is identical and uniform over the sphere. A
problem with similar boundary conditions has been analyzed
by Patankar et al. [5], but we apply a different procedure
which is simpler and more convenient. The surface
temperature of the spheres is taken as the reference in equation

).

PERIODICITY CONDITIONS

The analysis discussed in this section is not directly used in
our numerical solution procedure ; however, it is essential in
justifying one of our assumptions, namely equation (16).
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FIG. 1. Cylindrical cell geometry.
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A flow cross-sectional average temperature is defined as

¥max

¥Ymax
T(X)—T5=J‘ [T(x,y)—Ts]lulydy/J‘ luly dy. ()

Ymin ¥min

Based on equation (2) T, is zero and will be dropped
subsequently. A scaled temperature function is defined as

T(x,y)

T(x)
where 6(x,y) is assumed to be a periodic function in the
streamwise direction. (This assumption has been justified by
Tal et al. [ 7] using a multisphere cylindrical cellmodel and will
be consistent with the following procedure.) We also define a
decay function of the cross-sectional average temperature as
dT(x)/dx _
T(x)

6(x,y) = (6

Ax) = d In T(x)/dx. )
The energy equation is expressed in terms of 6(x, y) using
equations (6) and (7), resulting in the following expression

Re Pr| oy 80 oy 00 2%0 + 220 + 106
2y | oy x ox dy ax* Ay yady

_ dA(x) % _ Re Pr %
= Bl:/lz(x)+ ix :| + |:2 P % 3y 0] Ax). (8)

As the LHS of equation (8), containing the periodic
functions i and 6, is periodic, the RHS has to be periodic as
well. This implies the periodicity of A(x). As the length of each
module of the assemblage is 2b/a, we have

Y(x,y) = Y(x+2b/a,y) = Y(x +4bja,y) = ... ©

0(x,y) = 8(x+2b/a,y) = Hx+4b/a,y) = ... (10)

Ax) = Mx+2b/a) = Ax+4b/a) = ... (11)

As A(x) is an unknown function, it has to be calculated in
addition to the function 6(x,y). Therefore, an additional

equation is required and readily given by combining the
definitions of 8 and T(x) [equations (5) and (6)]

Ymax
-[ 0(x, y)|uly dy
Ymin -1

Yenax
f luly dy
Ymin

One numerical procedure to calculate two functions, &(x, y)
and A(x), is outlined by Patankar et al. [S]. Based upon the
periodicity of A(x), we suggest a different procedure.

(12)

SUGGESTED SOLUTION PROCEDURE
Due to the periodicity of A(x) and &(x, y) we have

x+ 2Nbja
T(x+N2b/a,y) = T(0)(x, y) exp [ J M8 dé]
0

_ X x+ 2Nbja
= T(O)6(x, y) exp [J A2 di] exp [J A% d€:|
o x

x 2bja
= T(0)B(x, y) exp [J A8 df] exp [N A% dé}
] 0
(13)

= T(x,y) exp [NA¢) dZ],

where N is any integer number of unit cells between two cross-

sections.
We define
2bja
@ = exp [f ME) dé} (14
[}
and equation (13) now becomes
T(x+N2b/a,y) = T(x, y)a~. (15)

HMT 27:8-5
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For any single unit cell, we have
T(x+2b/a, y) = aT(x, ), (16)

where a is the decay factor of the temperature across one unit
cell, and as heat is transferred from the hot fluid to the cold
spheres, we have

O<a<l. 17

As A(x) is unknown, so is a.

We now return to the energy equation, equation (1). For any
unit cell, we have the boundary conditions (3) and (4). At the
cell inlet and outlet, the unknown temperatures are related by
the matching condition (16). Note that equation (13) could be
differentiated to yield another matching condition on the first
derivative of temperature with respect to x.

The finite-difference form of equation (1) using the above
conditions results in a homogeneous linear system of the form

AT =0. (18)
This system has a non-trivial solution only when
det [A(x)] = 0.

A(w) is typically a 1000 x 1000 matrix and solving its
determinant asa function of «is not feasible. We therefore take
a different approach.

NIT is the total number of iterated points. Therefore, there
are NIT equationsin system (18). The column matrix T hasthe
following form

(19

T, ]
Ty,
75
: (20)
Tlm.x.lmu—z
T max— 1

L Troandmer |

We normalize system (18)by Ty, . and define a column
matrix T by dividing thetermsof Tby T;___ ;... and dropping
the last term (which is obviously 1). The dimension of matrix T
is (NIT-1)x 1. System (18) is solved using the following
procedure. A non-homogeneous system of NIT— 1 equations,
of the form

AT = b, (21)

is created, by normalizing the first NIT—1 equations in
system (18) with respect to Ty __ ;__ . [A4(a) being the minor of
the NIT, NIT term of A(x) and the non-homogeneous term b
resultingfrom the coefficientsof T;___ ;. ._appearinginthelast
column in the A(x) matrix.]

This system admits a solution for any « as long as A(«) is
nonsingular.

The last equation of system (18) after being normalized with
respect to T, . has the functional form

F(o, T) = 0. 22)

As system (21) has NIT — 1 equations for any specified o it
gives a solution for T, so that equation (22) is not satisfied in
general. Only for a specific a, are both system (21) and equation
(22) satisfied, and this is exactly the solution of equation (19).

The solution procedure suggested is as follows:

Step(1)  Specify a.

Step (2) Solve system (21) for T (a reduced system
method with conjugate gradient acceleration
detailed in Hageman and Young [8] is used for
this purpose).

Step(3)  Estimate ¢ = F(a, T).

Step(4)  Repeat Steps (1)«3) until ¢ = 0 or in numerical

€XPression & > &y (Emin 15 st to 1079),

In order to obtain a good convergence of the process, a
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y Values of
_ the isotherms:
0.75 5 Line Value Line Value
| o] 7 0.70
2 0.04 8 0.80
— 3 0.12 9 1.00
4 0.25 10 110
5 0.40 11 1.18
0.00 I : 6 : 055

1.50

3.00

F16. 2. Isotherm patterns (Re = 100, Pr = 1, bja = 1.5).

bisection method has been used in Step (4). Convergence is
typically obtained in 4-5 iterations (depending on the initial
guess of a).

After obtaining a solution for T, a scaling factor, namely
T Yo 18 Y€t 10 be found. This factor is found easily by
specifying an inlet condition

¥max
J TO,y)luly dy

Yimax
f luly dy
Ymin

The solution for Re = 100, bjfa = 1.5and Pr = 1 is given in
Fig. 2. The value of a satisfying equation (19) and system (22) is
0.8738. The average Nusselt number on the sphere, based on
the difference between the inlet and surface temperature is
5.935. Using the multisphere cylindrical cell model given in
detail by Tal et al. [ 7], the average Nusselt number of a sphere
in the bulk of the assemblage, based on local inlet conditions is
5.911. Thus, the agreement of the results is quite satisfactory.

A one-dimensional approximation (neglecting cross-
stream variations of the temperature as well as diffusion)
presented in the Appendix, yields important results regarding
the periodicity of the problem; these results are in good
agreement with the analysis as well as the numerical work
taking into account the complete energy equation.

T(0) = =1L (23)

CONCLUSIONS

The procedure outlined above is more straightforward than
previous procedures for solving periodic problems. No source
terms are introduced, no cross-sectional averaging is required
and the convergence is quite fast.
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APPENDIX

ONE-DIMENSIONAL STEADY STATE ANALYSIS OF THE
GAS-SOLID HEAT TRANSFER PROBLEM UNDER
VARIOUS BOUNDARY CONDITIONS

Assuming only axial variation of the temperature and
neglecting diffusive terms, the energy equation on a scale large
compared to the distance between spheres is reduced to

dT A T-T]S
mC, — = —
dx 2h
Let
. hS 1
Q= e e
2b mC,
then
7 ALT—T]
P A -

Scaling the axial coordinate
z = Ax,
we get
e !
dz

For the case that T, is constant, we define

T—T
0= R
T~ T,
and equation (AS) becomes
do
— =1
dz
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As at the inlet (z = 0) we have
T=T, 60)=0,
the solution of equation (A7) is
0=1—e7%
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or

T=T+HTL-T)e?

that is to say the temperature difference between the bulk and
the wallis decaying exponentially, as suggested by the full two-
dimensional analysis.
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NOMENCLATURE

concentration

tube diameter

mass flux

Prandtl number

Reynolds number

friction velocity

coordinate measured normal to a wall.

TR
[ Y

*

~ R

Greek symbols

d, molecular diffusivity sublayer thickness
A skin friction coefficient
v kinematic viscosity.

Subscripts

w  wall quantities
o outer layer quantities
+ dimensionless quantities.

INREF. [1],an equation has been suggested for the profiles of a
passive, i.e. not affecting the dynamics of flow, admixture,
which is valid at any value of the molecular Prandtl number.
The derivation of this equation was based on interpolation
between the limiting laws for temperature or concentration
distribution at Pr « 1 and Pr > 1. The validity of the law
referring to very small Pr numbers is easily verified, since the
available literature is abundant in experimental data on
temperature profiles in liquid metals where Pr « 1. The
situation with the other limiting case of Pr> 1 is quite
different. The experimental data on heat transfer in liquids of
high viscosity are confined to the values of Pr < 102, and the
accuracy of these data is rather low with the increase of Pr
because the heat flux must be very small to justify the treatment
of heat as a passive impurity. True, the measurements of
concentration profiles of material admixturesin liquids do not
require the smallness of the flux and are characterized, as a
rule, by Pr = 103, but the data of such measurements have been
virtually nonexistent in available literature until recently. The
reasons for this are quite obvious: at Pr> 1 the main
concentration drop takes place within a very thin sublayer
near a wall, the measurements of which present a tremendous
experimental problem. Thus, according to ref. [1], the
thickness of the molecular diffusivity sublayer, where miore
than two-thirds of the total concentration drop is achieved,
can be estimated as &, & 12/(Re Pr'/* ./(4/8)). Therefore, e.g.
in a tube of diameter d = 20 mm, J,, is only about 0.05 mm at
Re = 10* and Pr = 10%,

However, recently data have been published [2] that refer to
the measurements of concentration profiles c(y) by the
electrochemical method (which does not affect the wall
smoothness)at Pr = 1320and Pr = 2140 and for the distances

y from the walil beginning with y-values of the order of 10 gm.
In ref. [2] a photometric method of concentration
measurements was used, which is based on the visualization of
the surface of fixed concentration with the aid of special
additives and colour tracers. It seems worthwhile to compare
the general equation proposed in ref. [ 1] for the evaluation of
the concentration profile at any Pr with these new data.

In Fig. 1, the solid line represents this general equation,
which in the case of large Prand y_, > Pr~ 3 takes on the form

et =575 _ 0.068Pr3 y, exp (—T)+exp (= 1/,
C

o Cw
C=2x10"Pry,,y, =yufv. (1)

The dashed curve corresponds to the formula
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2n |2 yi—Ay +A?
2y, —A n

+./3 arctan ———

- _ -1/3
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